In this article, transverse nonlinear vibration of orthotropic double-layered graphene sheets embedded in an elastic medium (spring and shear constants of the Winkler and Pasternak models) under thermal gradient is studied using nonlocal elasticity orthotropic plate theory. The equations of motion are derived based on application of Hamilton's principles. These are coupled, two-dimensional and time-dependent equations, which cannot be solved analytically due to their nonlinear terms. Hence, differential quadrature method is employed to solve the governing differential equations for the two boundary conditions of simply and clamped support in all four sides. The plots for the ratio of nonlinear to linear frequencies versus maximum transverse amplitude for armchair and zigzag graphene sheet structures are presented to investigate the effects of nonlocal parameters, Winkler and Pasternak effects, temperature, and various aspect ratios. The study also indicates that the nonlinear effect represented by nonlinear frequency ratio is considerable at lower Winkler and Pasternak constants, length aspect ratio and thickness aspect ratio while it might be neglected for higher values of these parameters. Regarding the influence of temperature difference on support type, with increased temperature difference, nonlinear frequency ratio increases when the graphene sheet is simply supported, but for clamped one, no specific change in nonlinear frequency ratio is observed.
Introduction
Carbon nanotube (CNT) and graphene sheets have many superior mechanical and electrical properties, such as high electrical and thermal conduction, exceptional stiffness and strength, and low density. They also have a huge potential in electrical and mechanical applications such as sensors, semiconductor devices, conductors and energy conversion devices (e.g. fuel cells and batteries), aeronautic and astronautic technology, automobile, and many other modern industries.
There are numerous works reported in the literature on the study of linear vibration of CNTs and plates. Initial investigations did not consider nonlocal theory as their research was not primarily intended for nanostructures. Later works considered nanostructure applications (e.g. graphene sheet) but remained still focused on linear vibration analysis. This analysis was developed in subsequent publications chronologically within the last few years to include nonlocal theory, elastic medium, orthotropic for reliable and fast analysis of nanostructures. Transverse vibrations of single-walled carbon nanotube (SWCNT) and double-walled carbon nanotube (DWCNT) under axial load using EulerBernoulli, Timoshenko beam theory and Donnell's shell model were studied by Ghorbanpour et al.
who found that the nonlocal theory predictions for the natural frequency are lower than those of the classical theory. Nanoscale vibrational analysis of a multi-layered graphene sheets (MLGSs) embedded in an elastic medium is investigated by Behfar and Naghdabadi. 2 They indicated that the whole MLGS is influenced by polymer-carbon van der Waals forces from the surrounding elastic medium. Liew et al. 3 proposed a continuum-based plate model to study the vibration behavior of MLGSs that are embedded in an elastic matrix. They investigated the influence of the moduli of the surrounding matrix and showed that the classical natural frequency depends significantly on these moduli. Vibration analysis of MLGSs and orthotropic single-layered graphene sheets (SLGSs) embedded in polymer matrix has been carried out employing nonlocal continuum mechanics by Pradhan and Kumar. 4, 5 They reported that nonlocal effect is quite significant and needs to be included in the continuum model of graphene sheet. Wang et al. 6 studied the mechanisms of nonlocal effect on the transverse vibration of two-dimensional (2D) nanoplates, e.g. monolayer layer graphene and boron-nitride sheets. They found that such a nonlocal effect stems from a distributed transverse force due to the curvature change in the nanoplates and the surface stress due to the nonlocal atom-atom interaction. Murmu and Adhikari 7 investigated vibration of a nonlocal double-nanoplate-system (NDNPS) bonded by an enclosing elastic medium. They concluded that the increase of the stiffness of the coupling springs in NDNPS reduces the small-scale effects during the asynchronous modes of vibration. However, linear vibration analysis ignores treatment of nonlinear strain terms and as such is less accurate and oversimplified.
Nonlinear vibration analysis has attracted less attention, in the literature perhaps due to its more involved mathematical analysis. Fu et al. 8 investigated the nonlinear free vibration analysis of CNTs embedded in an elastic medium based on the continuum mechanics and a multiple-elastic beam model. Ke et al. 9 have worked on the nonlinear freevibration of DWCNT's. Based on nonlocal elasticity theory, Dong and Lim 10 studied the nonlinear free vibrations of a nano-beam with simply supports boundary conditions. Yang et al., 11 have expanded the work of Ke et al. 9 on CNTs using nonlocal Timoshenko beam theory. These works are 1D analysis. Nonlinear analysis on 2D plates was taken up by several researchers lately. The classical and shear deformation beam and plate theories are reformulated by Reddy 12 using the nonlocal differential constitutive relations of Eringen and the von Ka`rma`n nonlinear strains. The theoretical development presented by Reddy 12 should serve to obtain the finite element results and determine the effect of the geometric nonlinearity and nonlocal constitutive relations on bending response. Lima and He 13 developed a von Ka`rma`n type nonlinear model for thin elastic films with nanoscale thickness based on a continuum approach and concluded that the static and dynamic responses of micro and nano-film are scaling dependent. Shen et al. 14 studied nonlinear vibration behavior for a simply supported SLGS in order to obtain the nonlocal parameter. They showed that with properly selected small-scale parameters and material properties, the nonlocal plate model can provide a remarkably accurate prediction of the graphene sheet behavior. Jomehzadeh and Saidi 15 studied large amplitude vibration analysis of MLGSs using Hamilton's principle. They also considered the effect of small length scale, number of layers and geometric properties on nonlinear behavior of graphene sheet. None of the above research studies did consider thermo-vibration response of double-layered graphene sheets (DLGSs) resting on a Pasternak foundation.
There are several methods for considering vibration of graphene sheets such as analytical, finite element (FE), molecular mechanics (MM), differential quadrature method (DQM) and others. The vibrational properties of zigzag and armchair SLGSs is investigated by Chowdhury et al. 16 using the MM approach. Chandra et al. 17 applied analytical and atomistic finite element approaches to investigate the vibration characteristics of Bilayer graphene sheets (BLGSs). Scarpa et al. 18 used an equivalent atomistic-continuum finite element (FE) model to simulate the natural frequencies and the acoustic wave propagation characteristics of graphene nanoribbons (GNRs). They also used a molecular mechanics model based on the universal force field (UFF) potential to benchmark the hybrid FE models. The discrete singular convolution (DSC) algorithm is used by Wang et al. 19 to analyze the deflection and free vibration behavior of a simply supported anisotropic rectangular plate. Lin 20 studied nanoscale vibration characteristics of MLGSs embedded in an elastic medium using continuum-based modeling and generalized differential quadrature (GDQ) method. DQM, used by many authors mentioned above, 4, 5, 9, 11, 20 is a rather efficient numerical method for the rapid solution of linear and nonlinear partial differential equations involving one dimensions or multiple dimensions [21] [22] [23] [24] [25] [26] for initial and boundary value problems. Compared with the standard methods such as the FE and finite difference methods, the DQM requires less computer time and storage. 27 In the present study, for the first time, the thermal nonlinear vibration behavior of the orthotropic DLGS based on nonlocal elasticity theory is investigated using Pasternak and Winkler models in a thermal field. Due to existence of nonlinear terms in strain considerations, governing equations would include nonlinear terms, which could not be solved analytically. Hence, DQM has been used for this purpose. Figure 1 illustrates a rectangular graphene sheet embedded in an elastic medium under thermal gradient. As can be seen, the origin of the co-ordinate system is set at the mid-plane corner of this sheet where x, y and z represent length, width and depth of the plate, respectively, with the geometries of the graphene sheet being L x , L y and h, accordingly. Based on the nonlocal elasticity of Eringen's theory, 28 ,29 the stress tensor on a specific point of a body depends on the strain tensor at all points on that body. Hence, the nonlocal stress tensor is
Formulation
where ðe 0 aÞ 2 is the nonlocal parameter, r 2 is the Laplacian operator, l and nl are the local and nonlocal stress tensor at a point, related to the strain tensor by the generalized Hooke's law.
Using equation (1), the plane stress constitutive relation of a nonlocal orthotropic plate becomes 
where xx and yy are the coefficients of thermal expansion along the x and y directions, respectively, and ÁT is the temperature difference between the top and bottom layers of the graphene sheet, 
where " u, " v and " w are the displacements of a arbitrary point of the plate in the x, y and z, respectively, u, v and w are the displacements of points on the middle surface of the plate and z is the distance of the arbitrary point of the plate from the middle surface. Using equation (3) the von Ka´rma´n type nonlinear straindisplacement relationship may be written as
The stress resultants, N ij , and the moment resultants, M ij , are therefore defined as
The stress resultants represented by N ij 's are obtained by integrating the nonlocal stress tensors The moment resultants denoted by M ij 's are also obtained similarly; however, the integration is taken from nl xx , nl yy , nl xy multiplied by z. Moment and stress resultants may be written in terms of displacements following application of nonlinear strain-displacement relationships (equation (3)), stress-strain relationships (equation (2)) and stress resultants definitions (equation (5)
As for obtaining the equation of motion, this is carried out by applying the Hamilton's principle.
The kinetic energy K can be expressed as follows
where is the density of the plate. The strain energy, U, of a plate may also be expressed as
Substituting equation (4) into equation (11) and using equation (5), strain energy yields
The work is done by the vdW force (due to the double-layered nature of sheet), Winkler and Pasternak forces, and is denoted by
The transverse loads are hence
where q is the external load, w i is the transverse displacement, subscripts of 1 and 2 represent top and bottom layers of the graphene sheet, k iw ði ¼ 1, 2Þ, k g and c are Winkler spring, Pasternak shear, and vdW force coefficients, respectively. Hamilton's principle may be written as
Applying this principle to the system total energy yields the equations of motion of the nonlocal plates embedded in an elastic medium. Hence, we have
where transverse load (f) for top and bottom layers of the graphene sheet (i.e. f 1 and f 2 , respectively) is defined in equation (14) . Also, m 0 and m 2 are mass moments of inertia and are defined as
Substituting equations (6), (7) and (19) into the third equation of motion (equation (18)), yields the governing equation in terms of transverse displacements, and considering the free nonlinear vibration (q ¼ 0) of two-layered graphene sheets embedded in a nonlinear elastic medium, the governing equation can be written in terms of two coupled differential equations as follows
where, C i represented the vdW force which defined as
By introducing the following dimensionless quantities
the governing equation may therefore be expressed in dimensionless form as 
where the unknown dynamic displacement vector is
In order to solve the time derivatives of equation (28), the dynamic displacement vector w is expanded as wðx, y, tÞ ¼ wðx, yÞe
where ! ¼ L x ffiffiffiffiffiffiffiffiffiffiffiffi =E 11 p , represents the dimensionless frequency, is the nonlinear vibration frequency of the graphene sheet and w is the vibration mode shape vector. In order to carry out the matrix multiplication, two mathematical products (Hadamard and Kronecker) are applied. Using Hadamard and Kronecker products of matrices, 33, 34 which is defined in Appendix 1, the coupled nonlinear formulations (equation (28) Equations (32) can be expressed in matrix form which is called nonlinear eigenvalue problem.
where M ½ is the mass matrix, K L ½ is the linear stiffness matrix and K NL ½ is the nonlinear stiffness matrix which is a function of w.
This nonlinear equation can now be solved using a direct iterative process as follows:
. First, nonlinearity is ignored by taking K NL ¼ 0 to solve the eigenvalue problem expressed in equation (33) . This yields the linear eigenvalue (! L ) and associated eigenvector (w). The eigenvector is then scaled up so that the maximum transverse displacement of the graphene sheet is equal to the maximum eigenvector, i.e. the given vibration amplitude w 1 max . . Using linear w, K NL ½ could be evaluated. Eigenvalue problem is then solved by substituting K NL ½ into equation (33) . This would give the nonlinear eigenvalue (! NL ) and the new eigenvector. . The new nonlinear eigenvector is scaled up again and the above procedure is repeated iteratively until the frequency values from the two subsequent iterations 'r' and 'r þ 1' satisfy the prescribed convergence criteria 35 as
where " 0 is a small value number and in the present analysis it is taken to be 0:1%.
Numerical results and discussion
Mechanical, thermal and geometrical properties of orthotropic graphene sheet embedded in an elastic medium for both zigzag and armchair structures are presented in Table 1. 14 With regard to validation analysis, the ratio of nonlocal to local frequency used in this work is validated by comparing them with other researchers, 4, 5 Simply supported Figure 2 . The effects of nonlocal parameter on NFR versus maximum transverse amplitude for both zigzag and armchair graphene sheet with simply support in all sides. NFR: nonlinear frequency ratio. also concluded that the dimensionless nonlinear frequency of the DLGS increases with increasing size of the graphene sheet. Furthermore, dimensionless nonlinear frequency of the armchair structure is higher than zigzag one.
The effects of nonlocal parameter, elastic medium, temperature field, and aspect ratios could be studied from The following general observations might be made from the above plots.
. NFR and dimensionless linear frequency are higher and lower, respectively, for zigzag than armchair graphene sheets irrespective of studied parameters (except thickness aspect ratio, y ) as evidenced in ( Figures 2 and 3) and temperature difference (ÁT) (Figures 4 and 5) , indicate that for a given w 1max , NFR is increased and dimensionless linear frequency is decreased when these parameters are increased, while for parameters such as Winkler (k w ) (Figures 6 and 7) and Pasternak (k g ) ( Figures  8 and 9 ), length aspect ratio () (Figures 10 and 11) , and thickness aspect ratio ( y ) (Figures 12 and 13) , NFR is reduced and dimensionless linear frequency is increased when these parameters are increased.
As for specific points, the following observations may be made:
. NFR is reduced substantially when k w is increased; such that nonlinear frequency tends to linear (i.e. NFR tends to unity). This suggests that at lower k w 's, the nonlinear effect is considerable, while this might be neglected for higher k w 's. The same conclusions may be drawn when studying Pasternak effect of k g , length aspect ratio and thickness aspect ratio ( y ). . As far as the temperature difference is concerned, with increased ÁT, NFR increases when the graphene sheet is simply supported. However, for clamped one, no specific change in NFR is observed. . As regards the mode shape, as can be seen from Figures 14 and 15 , the boundary conditions are clearly satisfied for both types of supports. Maximum transverse displacement occurs at the midpoint of the sheet for clamped support, while for simple support, the mode shape contains a node at the sheet midpoint and two bulges in upward and downward directions.
Conclusion
In this work, for the first time, nonlinear vibration of orthotropic graphene sheet, embedded in an elastic medium under a thermal field is investigated based on von Ka´rma´n nonlinear and Eringen's nonlocal theories, in which DQ and iterative methods are used to evaluate the NFR. The plots of NFR versus w 1max studied for the influence of , k w , k g , ÁT and suggest that in general NFR is higher for zigzag structure of graphene sheets than armchair, and NFR is also higher for simple supports than clamed ones. On the other hand, NFR is increased and dimensionless linear frequency is decreased when and ÁT are increased, while for parameters such as k w , k g , and y , NFR is reduced and dimensionless linear frequency is increased when these parameters are increased. The study also indicates that the nonlinear effect is considerable at lower k w , k g , and y while it might be neglected for higher values of these parameters. Regarding the influence of temperature difference on support type, with increased ÁT, NFR increases when the graphene sheet is simply supported, but for clamped one, no specific change in NFR is observed. It is also concluded that the dimensionless nonlinear frequency of the DLGS increases with increasing size of the graphene sheet. The results of this study are validated as far as possible by the linear vibration of orthotropic graphene sheet in the absence of elastic foundation and nonlinear terms in the motion equations, as presented in references Pradhan and Phadikar 4 and Pradhan and Kumar. 
where a ij b ij is a scalar and A B is of order m Â n. Kronecker product.
where a ij C is of order p Â q and A C is of order mp Â nq. 
